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Abstract. In many situations of several computational areas, the three-
dimensional trajectory of an event has been measured in a precise way. However.
there are not direct quantitative techniques that provide us an scalar value repre-
senting the similarity among several events trajectories. In this paper. a computa-
tional technique is presented that obtains a direct similarity value among the tra-
jectories of two events in the three-dimensional space. Experimental results show
‘that. similarity measures provided by this technique among the arntificially gener-
ated trajectories. are an effective comparison indicator. ;

1 Introduction
1.1 The Similarity Problem

Humans deal with the similarity problem in an apparenily simple way. They are
able to distinguish /ikeness among different entities, such as two similar songs. sto-
ries referring 1o the same event, politic coincidences among candidates: characteris-
tics that based on their judgement, become people more coincident in their opinions
(see [1]). All of this involves physical processes (little known as today) that occur in
the human brain

The first attempts 1o understand the similarity problem, in a quantitative way,
were given by Tversky|[2] in 1977. He stated that this problem can be dealt by four
approaches (Fig. 1). The common elements approach (Fig. 1a) refers about compari-
son among entities using a common element criterion. The template approach (Fig.
1b) makes comparisons focusing in pairing off. or aligning, an entity with another
one. The geometric approach (Fig. 1c) performs comparisons among entities based
on their geometric structure. Fearure approach (Fig. 1d) is similar to the common
elements approach. although last one doesn’t require a previous recognition of the
properties involved in the comparison.

Tversky's appreciation|2] is that similarity problem has unique inherent-context
characteristics.
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Fig. 1. The four approaches proposed by Tversky. Images extracted from [2].

1.2. The problem about finding similarity among trajectories of events.

There are many situations where it is desirable to find a scalar value of similarity
among two events. For example, it is useful to know the registered trajectories
among several pollutants in the atmosphere. The ability to detect similar trajectories
has an important role in various applications. such as clustering and classification, k-
Nearest-Neighbor queries, or indexing large 3D trajectory data repositories|10].

Finding similarity among two or more trajectories is a non-analytical soluble
problem. both in two and three-dimensional spaces. Thus. it is necessary to develop
techniques that could be useful in situations where obtaining a scalar value repre-
senting similarity among two or more trajectories is needed.
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2 Algorithm’s Description

The algorithm presented in this paper is based on the Fast Dynamic Time Warp-
ing (FDTW) algorithm and other techniques used to find similarity among data sets:
refer to [3-5, 7-9, 11]. FDTW is an algorithm presented by Jang[6] in 2000, which
minimizes a base disiance between two sequences Q and C of size |Q], |C|, respec-
tively: that is, FDTW(Q,C)< Dpas.. It also performs a temporal “alignment” among
the two sequences, that is. it constructs a point relation denominated warp path.
where the ith point of the O matrix is related to the jth point of the C matrix.

The following algorithm calculates the FDTW distance:

FDTW (Q,C)

| //First element

! 1. M[0,0] = Dpase (40, Co)

| //First row

| 2. M[0,j] = M[0.j~1] + Dease (g0, ¢

| //First Column. :

] 3. MJi.0] = M[i-1.0] + Dease (4, o) 3
//Rest of the Matrix !

| 4. Mi,j) = Doase (gi, ¢y = min{ M[i-1,j-1]. M[i-1j], M[ij-1]} |

S

Where the base distance (D) is the Euclidean distance.
The FDTW distance has several properties:

e Similarity between sequences decreases if the FDTW approaches 1o in-
finity

e Similarity between sequences increases if the FDTW approaches to 0.

e FDTW distance between sequences Q and C is the same as the distance
between the sequences C and Q

Warp path (W) is a bidimensional array that contains the point relation (map-
ping) among Q and C sequences. This Warp Path is constructed doing a backtrack-
ing of the matrix M previously calculated. Starting from the last element of M (that
is. the eclement containing the FDTW distance). we choose the least of the threc
neighbors of the actual element that minimizes the cost of the distance. that is. the
elements M[i-1, j-1], M[i-1. j] and M[j, j-1].

2.1 Method Proposed

The algorithm presented in this paper deal with the data matrices that represent
the artificially generated trajectories of several events in the three-dimensional
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space. The basic idea of the algorithm also consists in minimizing a base distance
between two matrices. in this case named Om » » and C, x ». In order to calculate the
base distance. the two matrices are combined into a single three-dimensional data
cube. of size m X n x o. This data cube will map each element of the Q matrix with
each element of the C matrix. The idea behind this is to make an *“‘alignment” be-
tween these matrices. and calculate the cost of this alignment.

As well as FDTW. the (x, y, z) element of the data cube will be calculated from
the sum of the Euclidean distance among an element of O and an element of C, and
the least of the seven neighbors of the element. Such neighbors are the elements
found in the same level as the actual element from 1) 45°, 2) 0°, 3) 90° and the level
below from 4) 45°, 5) 0°, 6) 90° and 7) 360°.

Once the data cube has been constructed, the Jast of its element will be defined
as the base distance among the two matrices.

We conclude that:

FDTW3D (Q.C) — « if Q and C are different @
FDTW3D (Q,C) =0 if Qand Care equal ?)
FDTW3D (Q.C) = FDTW3D (C,Q) 3)

Warp Path 3D is a three-dimensional array that contains the point relation be-
tween the O and C matrices. As well as FDTW. this Warp-Path is constructed start-
ing from the last clement of the three-dimensional data cube. This element contains
the FDTW3D distance between Q and C. From there. we look for the seven
neighbors that also minimizes the cost of the distance. This neighbors are the same
as the ones considered in the construction of the data cube. that is, the neighbors lo-
cated from 1) 45°, 2) 0°, 3) 90°: and the level below from 4) 45°, 5) 0°, 6) 90° and 7)
360°.

The Warp Path 3D has the following properties:

W={w,w,w Wy @
b W2, Why ooy Wi

max(|0],IC1)< K < (101 +1C])-1 (5
wo=(i,j,z), 12i<|Ql, 15j<|Cl, 12z2(C (6)

This Warp Path 3D is subjected to the following constraints:

1. Begin / End: This constraint requires that the first element of the Q ma-
trix must be mapped with the first element of the C matrix, and the last
clement of the Q matrix must be mapped with the last element of the C
matrix.
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)

Monotonocity: The elements in the Warp Path 3D must follow the con-
dition that wy.; < wy. within their respective (i, j, k) index.

Local Restrictions: The local restrictions are used to reduce the range
search of the elements using the neighborhood of a matrix cell.

W

The general procedure used to calculate similarity among two trajectories of
events is presented as follows. Let Q and C be two matrices that represent the values
of a pair of trajectories:

FDTW3D (Q, C)
/FIRST ELEMENT
1. Cubel0,0,0]= D, (qo_o,co_o)

//FIRST AX1S OF THE CUBE
2. Cube|0, j,0]= D,_, (gj’o,c_y,o)+ Cube[0, j-1,0]

//SEC OND AXIS OF THE CUBE
3. Cubel1, j,0]= D, (9,p,¢;, )+ Cubdi-1,,0]

//THIRD AXIS OF THE CUBE
4. Cubel0, j,k1= Dy, (4,,.¢;, )+ Cuubel0, j,k ~1]

//RE ST OF THE CUBE

Cubeli-1, j-1,k-1]
Cubeli-1, j-1,k]
Cubeli, j-1,k-1)
5.Cubeli, j,k]= D,,, (qj‘,‘,cjj)+min Cubeli, j -1,k]
Cubeli-1, j,k-1]
Cubeli -1, j, k]
Cubeli, j,z -1]

FDITW3D = Cube[m,n,o0]

That is. the FDTW 3D distance is the last element of the data cube. Then. in
order 1o construct the Warp Path 3D that maps the matrix Q with the matrix C, we
proceed as follows:

1.1. We find the least of the seven neighbors of the actual element. and the co-
ordinate (x,),2) of that element 1s stored in the WarpPath3D register.

1.2. Repeat step 3.1. with each element of the three-dimensional data cube, un-
til we reach the first element of the cube.
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Since it is necessary to construct each of the axis of the three-dimensional data
cube in an accumulative manner. the complexity of this algorithm is O@*). An
analogous work presented in [12] mentions that their algorithm look for a total of
fifteen neighbors. It is worth to mention that also has a complexity of O(#°).

3 Experimental Results

A set of one hundred trajectories of events in the three-dimensional space were
artificially generated, each of one consisting of 500 points and were stored in 500 x
3 matrices, as shown in Figure 2, where the three columns represent the axis of the
three-dimensional space, and the 500 rows represent each point of the trajectory.
These trajectories were generated by randomly choosing some mathematical func-
tions (such as sine, cosine, etc.) or simply incrementing the values by a random
value; as well as random values were used in order to change the direction of the tra-
jectories. Figure 3 shows some of these trajectories.

XY z

Fig. 2. Trajectories are stored in two-dimensional matrices. Columns represent the X, Y and Z
axis, while rows represent the time stamp of the trajectory.

The algorithm performance, implemented by a computational tool, was tested
with the set of one hundred trajectories. Each trajectory were compared with the rest
of them, and the base distances obtained were stored in a table, as shown in Table 1
(example of one fraction of the whole table).
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Fig. 3. Example of four trajectories artificially generated.

Table 1. Base distances obtained by the comparison of the hundred trajectories set (the re-
sults of the first five trajectories are shown).

t0 t1 t10 t11 t12
t0 0 4.568.37 5.396.91 6.865.13 32.720.76
t1 4.568.37 0 6,177.75 6,274.20 27,520.46
110 5,396.91 6,177.75 0 4,107.44 17.042.95
t11 6.865.13 6.274.20 4,107.44 0 13,290.97
t12 32.720.76 27,520.46 17.,042.95 13,290.97 0

The similarity analysis process is made by identifying the trajectories with the
least base distances. As mentioned before, this distance represent the cost or the “ef-
fort”™ in order to perform the warping, i.e. the cost of the “alignment” between the
two matrices; the less the base distance between two trajectories is. the similarity
value increases. Similarity value decreases while the FDTW 3D distance increases
among the trajectories. For example. Table 2 shows nine trajectories with the least
base distance between the a) 10 trajectory and the b) t] trajectory.
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Table 2. Comparison results of trajectories a) t0 and b) t1. It is shown, in order, the trajecto-
ries with the least base distances calculated.

Query: | t0

t0 0

167 1708.65
6 2651.88
164 2667.85
2 2893.51
190 3335.94
128 3343.87
163 3392.29
tS 3526.79

a)

Query: [ t1

1l 0
t5 1961.14
197 2187.15
161 2360.85
19 2636.9
123 2655.23
122 2834.52
160 2955.06
129 3100.21
b)

As expected, the distance between the query trajectory with itself is zero, since
there is no cost while mapping the two trajectories when they are the same. To con-
firm the results, a trajectory with their four most similar trajectories were plotted.
Figure 3 shows, the comparison results of trajectory 70 (3.a.) and trajectory 71 (3.b).
This figure contains the query trajectory, as well as their four trajectories that were
considered to be the most similar.

4 CONCLUSIONS

Results obtained by this technique indicate that it is possible to obtain a similar-
ity scalar value of three-dimensional trajectories in the three-dimensional space.
This kind of analysis is very important, since there are so many conditions that rule
the movement of an event (and not only by the First, Second and Third Newton's
Jaws in Classical Mechanics). Therefore, it is affected by many other phenomena:
for example, a pollutant in the atmosphere is affected by temperature, pressure. wind
direction. etc., and its behavior is going to be more alike a random walk. Even in the
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extreme case that its trajectory would consist of a quasi-randomly behavior, our
technique allow to obtain similarity values among trajectories.
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Fig. 3. Example trajectory plot with their four most similar considered trajectories. a) t0, b) t1

Generally. there are situations where we have 1o analyze the behavior or similar-
ity of a phenomenon in the three-dimensional space in the system, such as: the
movement of a dot in a lady’s dress. the trajectory of an object simulated in real time
(such as an airplane). similarity between trajectories of particles. similarity of sev-
eral trajectories of a person running in a movie. etc. In all of these situations, it
would be useful 10 count on a technique that could provide us a scalar value of simi-
larity in order 10 analyze the behavior of an event, beyond the Newton’s laws. Re-
sults indicate that similarity values obtained among trajectories artificially generated
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by the presented technique are an effective comparison indicator. Besides, this pro-
cedure could be generalized to other situations in the modern computing.
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